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Abstract— It is useful to have the ability to analyze the
propagation of errors from transmission data into the result-
ing attenuation-corrected PET reconstruction. We develop
theoretical expressions for the mean and covariance of the
emission reconstruction when the only noise source is that in
the transmission data. There are several ways to impose an
attenuation correction onto the PET reconstructions, but
here we theoretically analyze the case of a linear (on log
data) transmission reconstruction that is reprojected to get
an ACF (Attenuation Correction Factor) estimate which
is then used in a linear emission estimate. We validate
the expressions for mean and covariance of the emission
reconstruction by using sample methods. In addition, we
extend the theory to the case where the PET reconstruction
is a nonlinear emission estimate based on maximizing a
regularized likelihood objective, and attenuation is modeled
directly in the objective function.

Keywords— Noise Propagation, PET Reconstruction, At-
tenuation Correction.

I. Introduction

Reconstruction of transmission tomographic data is
needed for attenuation correction (AC) in emission tomo-
graphic reconstruction in PET and SPECT. There are a
variety of ways to perform AC in PET, but a central feature
of all the correction schemes is that photon noise in the
transmission projection data is transferred to the PET
reconstruction, thus, potentially lowering image quality.
Hence there is an image-quality tradeoff between the
benefits of AC and the attendant “extra” noise due to AC
itself. One way to perform AC in PET is to directly use the
attenuation-correction factors obtained in a transmission
scan. This form of AC is suboptimal [1], however, and
better results are obtained by first reconstructing the
transmission data, then reprojecting it to obtain improved
correction factors. In this paper, we consider the issue
of the noise contribution from the transmission data into
the AC-corrected PET reconstruction via the transmission
reconstruction. Given the magnitude of errors in AC,
this analysis of the propagation of noise from transmission
reconstruction into emission reconstruction is important
and useful, for example, in designing better transmission
reconstruction methods [2], [3] or optimizing the scan
time between transmission and emission in post-injection
PET [4], or in studies of reconstructed image quality [5] [2].

We shall consider the only noise source to be the photon
noise in the transmission sinogram. Our analyses then
place a lower bound on noise in the PET reconstruction
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Fig. 1. This diagram serves as a roadmap for the various stages of
our analysis. See text for extended discussion.

due to transmission noise alone. We analyze two cases; (1)
Linear transmission reconstruction to obtain reprojected
attenuation correction factors followed by linear emission
reconstruction. (2) Penalized likelihood emission recon-
struction modeling attenuation directly in the objective
function.

In Sec. II, we introduce notation, and define our imaging
models. In Sec. III, we develop theoretical expressions
for the mean and covariance for case (1) above. In
Sec. IV, we validate these expressions. In Sec. V, we
consider extensions of the theory to a nonlinear emission
reconstruction, case (2). A discussion, and an account of
related work by others, appear in Sec. VI.

II. Background

Figure 1 will serve as a roadmap for the overall noise
propagation analysis. Each rectangular box represents
a data entity, such as a sinogram, true object, or its
reconstruction. Each oval represents some operation on the
data, such as projecting or reconstructing it. Throughout
the text, we will refer to each box by its associated number.
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TABLE I

Definition of Symbols

noisy transmission data and its mean

noisy emission data and its mean

f,  f

H , B
  A

M,L

mean and covariance matrix of transmission reconstruction

emission object and its reconstruction

mean and covariance matrix of emission reconstruction

emission system matrix with and without attenuation

transmission forward projection matrix

linear transmission and emission reconstruction operators

u blank scan

Definitions

^

^

f,  Kf̂

µ̂

µ, µ transmission object and its reconstruction

Symbols

g, g
p, p-

-

-

-

µ, Κ^

^

A. Notation

We will use vector component notation [6], with low-
ercase bold quantities indicating a vector. Given vectors
u and v, u has components ui while ev is a vector
whose components are [ev]i = evi . The product uv has
component [uv]i = uivi,

u
v
has component [u

v
]i =

ui

vi
, but

utv is the usual inner product with t indicating transpose.
We shall use capital calligraphic letters to indicate a
matrix, thus ifM is a matrix, thenMt is its transpose and
Mu is a matrix-vector product. Notation diag(u) means a
diagonal matrix with vector u denoting diagonal elements,
i.e. [diag(u)]ii = ui. The component product of two
vectors can be expressed as uv = diag(u)v = diag(v)u,
and similarly eAuv = diag(eAu)v.

B. Imaging Model

The definitions of various quantities are summarized
in Table I. The vector g = {gi; i = 1, . . . ,M}, the
emission sinogram data (box 9 of Fig.1), and vector p =
{pi; i = 1, . . . ,M}, transmission sinogram data (box 3),
are represented as 1D vectors of dimension M obtained
by scanning all detector bins at each angle. Vectors
f = {fj ; j = 1, .., N} and µ = {µj ; j = 1, .., N}, are
the emission and transmission object vectors (boxes 7 and
1), respectively. They are represented as 1-D vectors of
dimension N by scanning the 2-D or 3-D object row by
row. We denote reconstruction estimates of f and µ by N -
dim vectors f̂ and µ̂, respectively, where f̂ and µ̂ are also
lexicographically ordered.

The noisy transmission sinogram p (box 3) is obtained
by projecting (box 2) rays through the attenuation map
µ. It is well known that noise in the sinogram p follows
an independent Poisson distribution [7] with mean p̄ =
{p̄i; i = 1, . . . ,M} given by

p̄i = uie
−
∑

j
Aijµj (1)

where the M × N matrix A is the forward projection
matrix for transmission with element Aij indicating the

lij

i

i

u

µ j

p

Fig. 2. Geometry for transmission tomography with ui, the external
source strength along ray i, µj the linear attenuation coefficient
at pixel j, Aij = lij the chord length through pixel j, and pi the
counts detected at detector i.

path length of ray i as it traverses voxel j. The transmission
geometry is shown in Fig.2. The blank scan u = {ui; i =
1, ..,M} can be collected with no attenuating object in the
scanner. Equation (1) is a simplification of a system in
which scatter events and randoms are modeled as additive
terms on the right side of (1). Using our simplified model
(1) will not substantially alter our analysis. With our
component notation, we can rewrite (1) as

p̄ = ue−Aµ (2)

Note that since the Poisson density is governed solely by
its mean, we can identify (1) as the “imaging model” for
transmission. This equation completely specifies how the
object µ (box 1) is transformed to a noisy sinogram p (box
3).

The emission object f also gets projected (box 8) via
collimation geometry to obtain the noisy emission sinogram
g. It is also Poisson distributed with mean ḡ = {ḡi; i =
1, . . . ,M}[7]

ḡi =
∑

j

Hijfj (3)

where the M × N matrix H is the PET emission system
matrix including attenuation effects, and its element Hij

indicates the probability that a photon emitted from pixel
j gets detected in detector bin i. Again, the imaging model
(3) is simplified in that it does not include additive terms to
account for randoms and scatter, and again, this exclusion
does not substantially alter our analysis.

We may explicitly account for attenuation effects in the
PET emission system matrix H by factoring it as

Hij = [e−
∑

N

l=1
Ailµl ]Bij i = 1, . . . ,M j = 1, . . . , N (4)

The second term Bij is the probability, not including
attenuation effects, that a photon from j arrives at i ,
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and the first term in brackets modifies Bij to include the
attenuation associated with ray i.

With our component notation, we can rewrite (3) simply
as ḡ = Hf . We may further factor H by noting in (4) that
the attenuation term depends only on i [8], so that (4) may
be written as H = diag(e−Aµ)B. With these identities, we
can rewrite our emission imaging equation as

ḡ = diag(e−Aµ)Bf . (5)

C. Mean and Covariance

We adopt the standard use of mean and covariance of
a random vector [9]. Given an N -dim random vector v

its mean is v̄ =< v > where “<>” indicates component-
wise vector average over the relevant noise quantity, and
its covariance is a N × N matrix defined by Kv =< (v −
v̄)(v − v̄)t >. Note that the diagonal elements of Kv are
simply the variances σ2(j) at each location j. Thus

σ2(j) = [Kv]jj = (ej)tKve
j (6)

where ej = {ejk; k = 1, . . . , N} is an N -dim unit vector

(ejk = 0 for k 6= j and e
j
j = 1). The latter equality in (6)

is a mathematical convenience useful in our derivations to
follow. One can thus display the variance at each location
as an image, which we shall do in later sections. As
designated in Fig.1, we shall develop expressions for mean
and covariance for the quantities in boxes 3, 5 and finally,
11.

D. Linear and Nonlinear Reconstruction

In Fig.1, boxes 4 and 10 account for the mathematical
operation of the reconstruction from emission projections
(box 10) or transmission projections (box 4). For example,
one might elect to simply perform a filtered backprojection
reconstruction (FBP) in box 10. One might summarize this

as f̂ = FBP (g). However, the reconstructions we use are
more general. We consider a general linear reconstruction,
and later consider the extension of our results to nonlinear
reconstruction. A linear reconstruction is any linear
reconstruction operation on the projection data, and since
it is linear, can be represented as a matrix multiplication.
Thus our above expression for the FBP operation could
well be written f̂ =Mg whereM is an N×M matrix. An
example of a non-FBP linear reconstruction is penalized
weighted least squares reconstruction [10].

A nonlinear reconstruction cannot be represented as a
matrix multiplication, but instead must be summarized as
some nonlinear operator N{} operating on the projection
data. We signal a nonlinear operator by including curly
braces { } that enclose its operand. Thus the reconstruction

would be represented as f̂ = N{g}, a mapping in this case

from anM -dim g to anN -dim f̂ . Later, we will give specific
details on particular N{}, but an example of a nonlinear
reconstruction is penalized likelihood reconstruction [1].

E. Multidimensional Taylor Expansion

We will make use of a multidimensional Taylor series
expansion of a N -dim vector valued mapping x = N{y}

about the mean data ȳ, where y and x are M -dim and N -
dim vectors, respectively. The first-order Taylor expansion
of the nonlinear operator N{} is defined [11] as

xj ≈ Nj{ȳ}+
∑

i

∂Nj{y}

∂yi
|y=ȳ(yi − ȳi) (7)

where Nj{ȳ} is the jth element of the vector N{ȳ}, and
∂Nj{y}
∂yi

|y=ȳ is the first derivative of Nj{y} w.r.t. yi and

evaluated at y = ȳ. We rewrite (7) in a useful vector
notation as

x ≈ N{ȳ}+4Ny{ȳ}(y − ȳ) (8)

In (8), the first derivative matrix 4Ny{ȳ} is a N × M

matrix with (j, i)th element [4Ny{ȳ}]ji =
∂Nj{y}
∂yi

|y=ȳ.

III. Noise Propagation in Linear Emission and

Transmission Reconstruction

In this section, we perform a noise analysis for the case
of a linear transmission reconstruction, and linear emission
reconstruction using an AC-corrected emission sinogram.
This is tantamount to making particular choices for boxes,
4, 6 and 10 of Fig.1. Our goal is to derive expressions (box
11) for the mean and variance of the PET reconstruction.

A. Noise Properties of A Linear Transmission Reconstruc-
tion

In (2), we have an expression for p̄. For Poisson data, it
is well known [7] that the data are uncorrelated and that
the mean = variance at each bin. We may thus write

Kp = diag(p̄) (9)

Thus as indicated in box 3, we now have expressions for
both p̄ and Kp for noise in the transmission projection
data. How do these quantities transform through the
transmission reconstruction (box 4)?

As in CT, one linearly reconstructs not p, but log(u
p
).

For a general linear transmission reconstruction, we can
then write

µ̂ = L log(
u

p
) (10)

where matrix L is any linear transmission reconstruction
operator [12] [7]. In Appendix-A, the mean and covariance
of the transmission estimate µ̂ are computed as

¯̂µ ≡< µ̂ >≈ L log(
u

p̄
). (11)

and

Kµ̂ ≡< (µ̂− ¯̂µ)(µ̂− ¯̂µ)t >≈ Ldiag(
1

p̄
)Lt. (12)

where <> indicates an average over transmission data
noise. Note that since Kµ̂ is an N × N matrix, diag( 1

p̄
)

an M × M matrix, and L and Lt are N × M and
M ×N matrices, respectively, that (12) stands as a matrix
equation. We have now propagated noise from box 3 to
box 5.
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B. AC via Attenuation Correction Factors

There are many ways to perform AC (box 6), and a
conventional way is to use attenuation correction factors
(ACF). Since we consider noiseless emission data, g = ḡ =
diag(e−Aµ)Bf from (5). Given an estimate µ̂ (box 5) of
attenuation coefficients obtained from a reconstruction, AC
using ACF’s (box 6) amounts to precorrecting the emission

data by e+Aµ̂ before reconstruction.
We model the emission reconstruction as a general linear

reconstruction given by matrix M applied to the ACF-
corrected data. The PET reconstruction (box 11) is then
given by

f̂(µ̂) =M(e+Aµ̂g) =Mdiag(Bf)eA(µ̂−µ) (13)

Since g is noiseless, the only source of randomness in (13)
is the quantity µ̂, so we indicate the dependence by writing
f̂ = f̂(µ̂).

C. Noise Properties for the Linear Emission Reconstruc-
tion

We are now in position to calculate the mean and
covariance of f̂ (box 11). We expand (13) by a vector Taylor
series,

f̂(µ̂) =Mdiag(Bf)eA(µ̂−µ) ≈Mdiag(Bf)[1 +A(µ̂− µ)]
(14)

with the approximation accurate provided components of
the dimensionless quantity A(µ̂ − µ) are much less than
unity. (Note 1 indicates an M×1 vector of 1’s.)

To see if (14) is a good approximation, consider a typical
thorax cross section with dimensions of 20cm by 30cm
and PET-appropriate attenuation coefficients for soft tissue
(0.096cm−1), and lung (0.024cm−1). A histogram plot of
the components of A(µ̂ − µ) for such a realistic thorax
phantom (with µ̂ reconstructed by a ramp-filtered FBP)
shows, in fact, that the quantities are mostly less than 0.1
as illustrated in Fig. 3. This result is for a reasonably low
900K counts level.

The mean of f̂(µ̂) given µ, f and g is then

¯̂
f(µ̂) ≡< f̂(µ̂) >≈Mdiag(Bf)[1 +A(¯̂µ− µ)] (15)

where ¯̂µ is given by (11) and <> operates only on the
noisy µ̂. The covariance of the ET reconstruction given

µ and f , defined as K
f̂
≡< (f̂(µ̂) −

¯̂
f(µ̂))(f̂(µ̂) −

¯̂
f(µ̂))t >

becomes, using (14) and (15):

K
f̂
≡ < (f̂(µ̂)−

¯̂
f(µ̂))(f̂(µ̂)−

¯̂
f(µ̂))t >

≈ Mdiag(Bf)AKµ̂A
tdiag(Bf)Mt

= Mdiag(Bf)ALdiag(
1

p̄
)LtAtdiag(Bf)Mt (16)

where (12) is used. Equations (15) and (16) are the main
results for this section. Equation (16) tells us what the
PET covariance is given only the average transmission
sinogram p̄. Equation (15) enables us to compute a

reconstruction bias
¯̂
f−f . Expressions for bias and variance

have found use in applications to image quality studies [5]
as well as in PET reconstruction design.
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Fig. 3. Histogram of elements of A(µ̂ − µ) from an anecdotal
32×32 transmission reconstruction µ̂ using a FBP method. The
transmission phantom as shown in Fig.4(a) has attenuation
coefficients at the energy of 511KeV. The transmission projection
data has 900K counts.

(a) (b)

(c) (d)

Fig. 4. (a) Transmission thorax phantom, and (b) Emission phantom.
(c) Anecdotal transmission reconstruction using FBP method
and (d) Anecdotal emission reconstruction using FBP method
on noisy AC data.

IV. Validation

For validation, we compare results derived from sample
estimates to those of theory expressions (15) and (16). We
use unapodized ramp FBP reconstructions for both linear
operatorsM and L. We make use of a 32×32 transmission
thorax phantom (Fig.4(a)) coregistered to a 32×32 emis-
sion phantom (Fig.4(b)). Both have a square pixel size of
1.6cm. Data generation from the transmission phantom µ

comprising lung (0.024cm−1) and soft tissue (0.096cm−1)
attenuation coefficients is simulated at 511KeV PET en-
ergies, using 900K counts. The transmission projection
has 48 radial bins and 33 angles. The relative values of
the emission phantom f are also simulated to be consistent
with a 511KeV PET FDG study in thorax. Figs.4(c)(d)
show anecdotal transmission and emission reconstructions
using (10) and (13), respectively. Note again that f̂ is noisy
by virtue of the noise in µ̂.

A. Validation of Theory for Transmission Reconstruction

To justify the use of (11) and (12) in validation of (15)
and (16), we need a separate validation for (11) and (12).
To do this, we made a set of transmission reconstructions
of the phantom in Fig.4(a) using FBP and the following
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three steps:
1. Create 1000 noisy transmission sinograms (count level

= 900K).
2. For each, reconstruct to get µ̂n (n = 1, .., 1000) using

the transmission reconstruction algorithm (10) using L =
FBP.

3. Using standard expressions for sample mean and vari-
ance, compute ¯̂µsamp and diag(Kµ̂,samp), where “samp”
indicates a sample estimate.
To calculate, for comparison purposes, the theoretical mean
and covariance of transmission reconstructions, noiseless
transmission projection data p̄ are plugged into (11) and
(12).

The sample mean and approximate theoretical mean
of the FBP transmission reconstructions are shown in
Figs. 5 (a) and (b), respectively, and a profile along the
central row of Figs. 5 (a) and (b) is displayed in Fig. 6.
The result demonstrates the close agreement between the
sample mean and theoretical mean of (11).

(a) (b)

(c) (d)

Fig. 5. This illustrates (a) sample and (b) theoretical mean of FBP
transmission reconstructions, and (c) sample and (d) theoretical
variance images for FBP transmission reconstructions.

0 5 10 15 20 25 30 35
−0.02

0

0.02

0.04

0.06

0.08

0.1

0.12

Sample mean
Theory mean

Fig. 6. This shows the profile plots of sample and theoretical mean
of FBP transmission reconstructions along the central row.

Instead of validating the entire theoretical covariance
matrix Kµ̂ from (12), we validate only its diagonal, the

variance image. The variance σ2
T
(j) for pixel j (subscript

T indicates transmission) is computed (cf. (6)) as

σ2
T
(j) = (ej)tKµ̂ej = (ej)tLdiag(

1

p̄
)Ltej =

M
∑

i=1

(vji )
2 1

p̄i

(17)

where vj ≡ Ltej is an M -dim vector (vj = {vji ; i =
1, . . . ,M}). Fig. 5 shows the transmission variance images
of (c) sample results and (d) theoretical results. A profile
plot in Fig. 7 of the sample variance and theoretical
variance along the central row illustrates the good corre-
spondence of theory and sample estimates.

0 5 10 15 20 25 30 35
0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8
x 10

−4

Sample variance
Theory variance

Fig. 7. This shows the profile plots of the sample and theoretical
variances of FBP transmission reconstructions in Figs.5(c)(d)
along the central row.

B. Validation of Theory for AC-Corrected Emission Re-
construction

With (11) and (12) validated, we may proceed to
validate (15) and (16), the mean and variance for the PET

reconstruction. We compute sample quantities of
¯̂
f(µ̂) and

K
f̂
using the following 7 steps:

1. Create 1000 noisy transmission sinograms (count level
= 900K).

2. For each, reconstruct to get µ̂n (n = 1, .., 1000) using
the transmission reconstruction (10).

3. Create ACF’s e+Aµ̂
n

.
4. Create one noiseless emission sinogram using the

emission phantom with true attenuation map µ.
5. Use the ACF’s to create 1000 corrected emission

sinograms e+Aµ̂
n

g.
6. Compute f̂n using the ramp-FBP operator M.
7. Using standard expressions for sample mean and

covariance, compute
¯̂
fsamp and K

f̂ ,samp
.

To compute the theoretical mean of (15) for comparison
purposes, we make use of the theoretical transmission mean
¯̂µ in (11), forward project ( ¯̂µ−µ), and then plug into (15).

Figs. 8(a)(b) show
¯̂
f(µ̂) calculated using the 7-step sample

method vs. the theory method (15). A profile plot along
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(a) (b)

(c) (d)

Fig. 8. This illustrates (a) sample and (b) theoretical mean of FBP
emission reconstructions, and the images of (c) sample and (d)
theoretical variance of FBP emission reconstructions.

0 5 10 15 20 25 30

−0.005

0

0.005

0.01

0.015

0.02

0.025

0.03 Sample mean
Theory mean

Fig. 9. This shows the profile plots of sample and theoretical mean
of FBP emission reconstructions along the central row.
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2
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−5

Sample variance
Theory variance

Fig. 10. Profile plots of the sample and theoretical variances of AC-
corrected FBP emission reconstructions in Fig.8(c)(d) along the
central row.

the central rows of Figs. 8(a)(b) is shown in Fig. 9. It shows
good correspondence of the theoretical and sample means.

The emission variance σ2
E
(j) for pixel j can be computed

by using (16), (12) and (6)as follows:

σ2
E
(j) = (ej)tK

f̂
ej =

M
∑

i=1

(dji )
2 1

p̄i
(18)

where dj = LtAtdiag(Bf)Mtej is an M × 1 vector

(dj = {dji ; i = 1, . . . ,M}). Figs. 8(c) and (d) show
the correspondence of sample variance and approximate
theoretical variance of the FBP emission reconstructions,
respectively. In Fig. 10 the profile plot along the central
row of Figs.8(c)(d) clearly demonstrates close agreement.

V. Noise Propagation in Non-Linear Emission

Reconstruction

In this section, we consider extending our expressions to
a nonlinear emission reconstruction (box 10). As in the
linear case, we will also consider only transmission photon
noise. For the linear case, it was natural to model AC (box
6) via ACF’s, but in our nonlinear case, it will be natural
to model AC differently.

Non-linear penalized likelihood emission reconstruction
methods based on a Poisson noise model have drawn atten-
tion due to their many nice properties. Here, the positivity-
constrained reconstruction f̂ is obtained by optimizing an
objective function comprising the sum of log likelihood
(1st) and penalty (2nd) terms:

f̂ = argmax
f≥0

Φ(f ;g) = argmax
f≥0

∑

i

{gi log(ḡi)− ḡi}

−
1

2
λ
∑

j

∑

j′∈W(j)

wjj′(fj − fj′)
2. (19)

The penalty (2nd) term is a commonly used standard
quadratic smoothing penalty. In (19), W(j) indicates the
neighborhood of pixel j with weight wjj′ between j and its
neighborhood pixel j′. Also λ ≥ 0 is a global smoothing
parameter. The emission reconstruction is here nonlinear
by virtue of the nonlinear mapping from g to f̂ implicit in
(19).

Attenuation appears in (19) by virtue of the fact that
ḡ = Hf = diag(e−Aµ)Bf . Since one doesn’t know µ, one
can use an estimate µ̂ from a transmission reconstruction.
The uncertainty in µ thus appears in (19) as a model error
in H, and is the principled way to perform AC (box 6)
for this case. Since we consider noiseless emission data,
in (19), the objective function is then a map from µ̂ → f̂

rather than g → f̂ . That is, the noise in p (box 3) drives

the noise in µ̂ (box 5) which solely drives the noise in f̂

(box 11). We may thus revise (19) as

f̂ = argmax
f≥0

Φ(f ; µ̂) = O{µ̂}

= argmax
f≥0

∑

i

{

gi log
(

∑

j

e
−
∑

l
Ailµ̂lBijfj

)
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−
∑

j

e
−
∑

l
Ailµ̂lBijfj

}

−
1

2
λ
∑

j

∑

j′∈W(j)

wjj′(fj − fj′)
2(20)

The nonlinear operator O{} summarizes the mapping

between µ̂ and f̂ .
Note that the second (penalty) term in (20) can be

expressed by a vector notation as

1

2
λ
∑

j

∑

j′∈W(j)

wjj′(fj − fj′)
2 =

1

2
λf tRf (21)

where R is a symmetric N × N matrix [3] with positive
diagonal and few negative off-diagonal elements. Equation
(21) is simply a mathematically convenient expression
useful in our ensuing development.

We linearize O{} using (8), f̂(µ̂)≈O{¯̂µ}+4Oµ̂{
¯̂µ} (µ̂−

¯̂µ). Given µ and f , the first-order approximations to the

mean and covariance of f̂ are then

¯̂
f(µ̂) ≡< f̂(µ̂) >≈ O{¯̂µ} (22)

and

K
f̂
≡ <

(

f̂(µ̂)−
¯̂
f(µ̂)

)(

f̂(µ̂)−
¯̂
f(µ̂)

)t

>

≈ <
(

4Oµ̂{
¯̂µ} (µ̂− ¯̂µ)

)(

4Oµ̂{
¯̂µ} (µ̂− ¯̂µ)

)t

>

=
[

4Oµ̂{
¯̂µ}
]

Kµ̂

[

4Oµ̂{
¯̂µ}
]t

. (23)

In (22), the mean emission reconstruction is seen to be the
reconstruction using the mean transmission reconstruction.
The challenge in implementing the approximate covariance
in (23) is to compute the first derivative matrix 4Oµ̂{

¯̂µ}.

In Appendix-B, we derive an expression for 4Oµ̂(
¯̂µ)

and use this along with (21), (23) and (22) to derive
the approximate covariance for a cross-modality emission
reconstruction:

K
f̂
≈

[

Btdiag(
g

[B
¯̂
f ]2

)B + λR

]

-1

Btdiag(e−A
¯̂µ)AKµ̂×

Atdiag(e−A
¯̂µ)B

[

Btdiag(
g

[B
¯̂
f ]2

)B + λR

]

-1

. (24)

Our final results (box 11) for the case of this non-linear
emission reconstruction are (22) and (24).

VI. Discussion

A. Related Work

Related work was reported in [13], wherein the noise
from transmission scans into an AC-corrected emission
reconstruction was analyzed for the case of using ACF’s
directly, i.e. without reprojecting a transmission recon-
struction. In [4], the authors analyzed transmission noise
propagation for application in transmission/emission scan
time optimization. For both emission and transmission
photon noise, they presented approximate covariances of

attenuation-corrected FBP emission reconstructions using
the direct ACF method and a nonlinear transmission
reconstruct/reproject ACF. Interestingly, [4] includes an
approximation similar to (14) in this paper. In [14] a
derivation of our result (16) appears for the case of a
nonlinear transmission reconstruction. Different statistical
randoms-precorrected nonlinear transmission reconstruc-
tion methods were compared by developing the covariance
approximation for noise propagation (following reprojec-
tion) into a linear emission reconstruction. Noiseless
emission measurements were assumed. In [15], the cases
for both emission and transmission photon noise are con-
sidered, and nonlinear penalized maximum likelihood emis-
sion estimators are used. This case differs from our present
one, however, in that no transmission reconstruction was
used in AC.

B. Further Work

Validation of the covariance expression for the nonlinear
case is difficult by virtue of the large (N × N) matrix
inverse involved in (24). Computational shortcuts may be
applicable [16] here however, and we leave this for future
work.

The expressions in this paper involve transmission noise
only. The variance expressions are lower bounds, however,
in that the presence of emission noise only adds variance to
the reconstruction. Such expressions for lower-bound noise
due to attenuation correction alone could be applied in
many ways as mentioned in the Introduction. For example,
in recent work [2], we compared different transmission
reconstruction methods by examining how these affected
low-contrast lesion visibility in an (emission) noiseless PET
reconstruction with transmission noise only.

Appendix

A. Derivation of (11) and (12)

Define a nonlinear operator U{p} ≡ L log(u
p
). The

partial derivative matrix becomes

4Up{p̄} =
∂

∂p

{

L log(
u

p
)

}

|{p=p̄} = −Ldiag(
1

p̄
). (25)

Using (8) for U{p} ≈ U{p̄}+4Up{p̄} (p− p̄) and applying
the <> average, the mean reconstruction becomes the
reconstruction of noiseless data,

¯̂µ ≡< µ̂ >≈ U{p̄} = L log(
u

p̄
). (26)

which is (11). Using (25)(26)(9), the covariance becomes

Kµ̂ ≡ < (µ̂− ¯̂µ)(µ̂− ¯̂µ)t >

≈ < (4Up{p̄} (p− p̄)) (4Up{p̄} (p− p̄))
t
>

= 4Up{p̄} < (p− p̄)(p− p̄)t > [4Up{p̄}]
t

= 4Up{p̄}Kp [4Up{p̄}]
t

= Ldiag(
1

p̄
)Lt (27)

which is (12).
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B. Derivation of 4Oµ̂{
¯̂µ}

If O{} is computed as the result of an optimization, cf.
(20), then we can use results in [17] to express 4Oµ̂{

¯̂µ} in

terms of the objective function Φ. From [17],

4Oµ̂{
¯̂µ} ≈ −[∇(2,0)Φ(

¯̂
f ; ¯̂µ)]-1∇(1,1)Φ(

¯̂
f ; ¯̂µ) (28)

where ∇(2,0) is a second-order derivative w.r.t. f with
(j,k)th element ∂2

∂fj∂fk
, and ∇(1,1) a cross-derivative w.r.t.

f and µ̂ with (j,k)th element ∂2

∂fj∂µ̂k
. This notation, taken

from [17], conveniently expresses various cross derivatives,
and the presence of two superscripts ensures that it cannot
be confused with the usual expression for a Laplacian. Note

that both ∇(2,0) and ∇(1,1) are evaluated at f =
¯̂
f = O{ ¯̂µ}

and µ̂ = ¯̂µ. Given (20), the first-order necessary condition
at the fixpoint of the objective is given by

∇(1,0)Φ(f ; µ̂) = Ht(
g

[Hf ]
)−Ht1− λRf

= Bt(
g

[Bf ]
)−

[

diag(e−Aµ̂)B
]t

1− λRf = 0. (29)

where 0 is an N -dim vector of all 0’s and R is given in (21).
The second-order partial derivatives are

∇(2,0)Φ(
¯̂
f ; ¯̂µ) = −Btdiag(

g

[B
¯̂
f ]2

)B − λR (30)

∇(1,1)Φ(
¯̂
f ; ¯̂µ) = Btdiag(e−A

¯̂µ)A (31)

where we have used the vector derivative formula,
∂
∂u
{Be−Au} = −Bdiag(e−Au)A. Therefore, we can get the

first derivative matrix 4Oµ̂(
¯̂µ) from (28)(30)(31),

4Oµ̂{
¯̂µ} =

[

Btdiag(
g

[B
¯̂
f ]2

)B + λR

]

-1

Btdiag(e−A
¯̂µ)A
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