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Abstract
We introduced [1] a Bayesian method for transmission

tomography that used a novel pointwise prior in the form of
a mixture of gamma distributions. Here, we compare the
performance our pointwise prior with that of a smoothing prior
in the context of a weak tumor detection task for emission PET.
The reprojected attenuation maps from each method are used
for attenuation correction of 2D PET emission data. Our focus
is on the problem of low counts in the transmission scan.

I. INTRODUCTION

Estimates of attenuation maps in SPECT and attenuation
correction factors (ACF) in PET are important in that
they can improve quantitation accuracy and perhaps lesion
detectability in emission scans, especially for areas of
non-uniform attenuation such as thorax. Several factors make
the reconstruction of transmission data difficult. First, the
necessities of a short-time scan lead to noisy data as the result
of low counts. Secondly, simultaneous transmission/emission
scans for SPECT and post-injection scans in PET can create
crosstalk artifacts. Physical effects such as scatter or accidental
coincidences are other major considerations for transmission
reconstruction. In this paper, we consider only the low counts
problem.

For PET, ACF’s can be measured directly, but a
reconstruction of the attenuation map followed by reprojection
to get new ACF’s leads to better attenuation correction. Some
reconstruction schemes [2] depend implicitly on the fact that
attenuation values cluster into intensity groups, corresponding
to soft tissue, lung, air, and patient support structure. One
could exploit this by first performing a conventional FBP
(transmission) reconstruction, partitioning its histogram into
intensity clusters, then reassigning each voxel intensity to a
predetermined lookup value. Problems with this approach
include erroneous intensity assignments due to noisy FBP, or
to the fact that the true attenuation map has a wide range of
values. In addition, such methods are empirical and difficult to
analyze theoretically.

Statistical methods, based on maximum regularized
likelihood and Bayes MAP (maximuma posteriori )
estimation, surmount several of the difficulties of the empirical
approaches. First, statistical methods are able to incoporprate
accurate system models to capture, for example, detector
geometry, and can model the effects of randoms or scatter.
Given randoms/scatter modeling, it is then possible to model the
Poisson nature of the noise. Statistical methods can incorporate
a penalty (prior) and it is interesting to see if penalties can
be formulated to capture the known characteristics of the
attenuation object. Versions of quadratic and nonquadratic
smoothing penalties for transmission reconstruction appear

in [3, 4].

In contrast to smoothing priors, “pointwise” priors have
no neighbor interactions, but each pixel is drawn to its own
local reference value (= mode of prior), and with some
degree of “confidence” parametrized by a second, variance
parameter [5, 6]. In [5], one form of point prior based on
independent (at each voxel) gamma distributions was proposed.
This prior has appealing properties: it naturally preserves
positivity, and has certain mathematical conveniences. A big
problem, though, is that there is no clear way to calculate,
at each point, the mean and variance of the gamma at each
voxel. Because of this limitation, the gamma prior was largely
abandoned. Recently [1] we proposed a joint MAP Bayes
scheme to surmount this limitation, and achieved encouraging
results [7] in a performance comparison with a segmented
attenuation method [2] in the context of a detection task. In this
work, we pursue a performance comparison with a regularized
likelihood method that uses a quadratic smoothing prior.

II. THEORY

A. Likelihood Function
Let the 2-D transmission object be denoted by vector

� comprising N lexicographically ordered narrow-beam
attenuation coefficients�j at pixelsj = 1; ::; N . Similarly,
denote theM measurements of the transmission sinogram by
g, gi, wherei = 1; :::;M indexes detector bins (or pairs for
coincidence imaging.) The datagi are independently Poisson
distributed with mean�gi given by

�gi = ui exp(�
X

j

Hij �j) + ri (1)

where ui; i = 1; ::;M are the blank scan measurements
and termsri; i = 1; ::;M approximately model background
measurements such as randoms or scatter. (Note thatri must
itself be estimated, though we do not consider this problem
here.) The system matrixH comprises elementsHij = lij , the
chord length of rayi through pixelj. Given the independent
Poisson nature of the data, the log likelihood function (after
eliminating constant terms) becomes the familiar:

�L(gj�) =
X

i

fgilog( �gi)� �gig (2)

B. Regularized Likelihood Solution Using a
Smoothing Penalty
The strategy here is to compute a regularized-likelihood

estimatê� by maximizing an objective function

�̂ = argmax
�

�L(gj�) + �P (�) (3)



Here, �P is a penalty term, designed to both encourage a
globally smooth solution and to regularize the maximum-
likelihood estimate. In 2-D, one form for the penalty is the
“membrane” (MM) model given by:

�P (�;�) = ��
X

j

X

j02N (j)

wjj0 (�j � �j0)
2 (4)

where the summation is over a 8 nearest-neighborhood (
j0�N (j) ) and weighted byw = 1=

p
2 for the 4 diagonal

neighbors andw = 1:0 for the 4 nearest neighbors. The
positive weight� controls the smoothness of�.

We carry out the maximization by an iterative PCG
(preconditioned conjugate gradient) algorithm [8], with
a diagonal preconditioner whose elements are given
approximately by the inverse of the associated diagonal element
of the Hessian of�. At each iteration k, the update takes the
general form:

�̂
k+1 = �̂

k + Æk dk (5)

where the direction vectordk is determined by the PCG steps,
and a 1-D Newton line search is used to obtainÆk. Note that for
ri 6= 0, the case considered here, the objective in (4) is convex ,
so the solution is independent of the initial estimate. Also note
that the above maximization is unconstrained, so that unrealistic
negative pixel estimates can result; in practice, these are very
few in number.

C. Joint-MAP Solution Using Mixture-of-Gammas
Prior

In this section we freely use the Bayesian vocabulary of
prior probabilities, hyperparameters, and hyperpriors. Objective
functions� are thenlogs of the associated probabilities. The
independent gamma prior, as originally proposed in [5], takes
the form

p(�j�;�) =

NY

j=1

�
�j
j

�
�j
j �(�j)

�
�j�1
j e

�
�j

�j
�j (6)

where� and� are vectors with components�j ; �j and�(x) is
a gamma function. Also,�j > 1. At each pixelj, the gamma
pdf controls the value (mode of pdf) to which�j is attracted,
and the weight of that attraction. It does this through its mode,
�j(1 � 1=�j), and variance,�2j =�j . The gamma density! 0
as�! 0, so positivity is preserved.

The objective��
P = log of (6) (sans constant terms), may

now be added to the log likelihood of (2) to form a gamma-
penalized likelihood objective for reconstruction:

�(�) = �L(�jg) + ��
P (�;�;�)

= �L(�jg) +
NX

j=1

[(�j � 1) log�j � �j
�j

�j ] (7)

The objective is convex, with positivity imposed directly by
��
P . Hence, with this objective and an unconstrained algorithm

of the form (5), a penalized-likelihood reconstruction can be
calculated.

Unfortunately, we do not recommend using (7) as is,
since it requires specification of the 2N parameters�j , �j
j = 1; ::; N . Accurate knowledge of these is tantamount to
accurate knowledge of the object� in the first place. One
can attempt an empirical scheme; e.g. set�j equal to the�̂j
obtained by an initial FBP reconstruction, then empirically set
all �j to some constant. We’d like to retain the nice advantages
of (6), but stick to Bayesian or penalized-likelihood principles.

To do this, we replace the prior in (6) by a finite mixture
model [9], comprising L component distributions, each
of which is a gamma distribution. A set of independent
observations� = f�1; :::; �Ng, i.e. the pixels of�, is said to
have a mixture model ofL component densities, if it has the
density function

p(�j�;�;�) =
NY

j=1

LX

a=1

�ap(�j j�a; �a) (8)

where�a, �a and�a are the parameters and mixing proportion
of classa, with

PL

a=1 �a = 1, �a > 0, andp(�j�a; �a) is
the conditional (gamma) density function given that� belongs
to classa [9]. Our motivation here is that the histogram of
attenuation coefficients in an area like thorax comprises several
peaks, each identified with a particular tissue type (indexed by
a). A finite mixture model can account for this multimodal
distribution. The basic problem is still unsolved - we now need
estimate 3L additional parameters rather than 2N . SinceL is
typically less than 5 our predicament is improved, however.

In [1] we described a joint-MAP scheme for computing
hyperparameterŝ� �̂ �̂ simultaneously with the reconstruction
�̂:

�̂; �̂; �̂; �̂ = arg max
����

p(�;�;�;�jg)

= arg max
����

p(gj�) p(�j�;�;�) p(�;�;�) (9)

where p(gj�) is the likelihood,p(�j�;�;�) the prior, and
p(�;�;�) the hyperprior. One approach to performing the
optimization in (9) is to use an alternating algorithm: At each
iteration k, solve for� given current estimates of� � �, then
solve for� � � given the latest� estimate. This calculation
is intractable, but may be made tractable by using an EM
algorithm and an appropriate complete data space [10]. The
complete data is given byZaj , which may be interpreted
as the probability that pixelj belongs to classa. Note that
the complete data satisfies0 � Zaj � 1,

P
a Zaj = 1 and

�a = 1=N
P

j Zaj . In terms of objective functions, the
problem becomes:

�(�) = �L(�jg) + �mix
P (�;�;�; Z) (10)

with the alternating algorithm now assuming the form:

�k = argmax
�

�L(�jg) + �mix
P (�j�̂k�1; �̂

k�1
; Ẑk�1) (11)

Ẑk; �̂k; �̂
k
= arg max

Z;��
�mix
P (�̂kj�;�; Z) (12)



The new term, which replaces��
P in (7), is given by

�mix
P (�̂k;�;�; Z) =

X

a;j

[Zaj(�a � 1) log �̂kj � Zaj
�a
�a

�̂kj ] (13)

Note that (11) is a reconstruction, and (12) a mixture
decomposition that fits parameters of each class to the current
histogram.

The maximization in (12) is itself iterative, and the resulting
update from the EM formulation is given by

Zl+1
aj =

�lap(�j j�la; �la)P
b �

l
bp(�j j�lb; �lb)

(14)

�̂l+1a =

P
j Z

l+1
aj �j

P
j Z

l+1
aj

(15)

�̂l+1a = argmax
�a

X

j

Zaj [(�a � 1) log�j+

�a log(
�a
�a

� log �(�a)� �a�j
�a

] (16)

wherep(�j j�a; �a) is the component gamma pdf and�̂l+1a =
1
N

P
j Z

l+1
aj . Note that (14)-(16) are performed as an inner loop

indexed byl for each value of the outer iteration indexed byk.
Versions of (14)-(16) including various forms of hyperprior are
presented in [1].

With the mixture decomposition in (12) at iterationk
resolved, we then do the reconstruction in (11). Comparison
of the objective for the prior in (7) to that of (13) reveals the
final solution for the hyperparameters at each location as an
appropriateZ-weighted combination of�a and�a:

�j � 1 =
X

a

Zaj(�a � 1) (17)

�j
�j

=
X

a

Zaj
�a
�a

(18)

With hyperparameters known, we are ready to carry out (11)
with a suitable algorithm. In fact, we again use a PCG algorithm
with diagonal preconditioner as in (5), withÆk now found via
a cubic line search within bounds computed as in [5] so as to
avoid negative pixels. In sum, we have formulated a Bayesian
means for using a gamma prior in transmission reconstruction.
In principle, the only unknown parameter isL, the number of
classes.

III. M ETHODS

Our goal is to test transmission reconstruction efficacy in
the context of detecting a low-contrast mediastinal tumor in
an attenuation-corrected PET emission reconstruction. The
effects of erroneous ACF’s on tumor visibilityper se are
rather indirect, and show prominently only under very low
transmission counts. However, we previously have observed
a performance advantage for our mixture prior relative to
SAC (segmented-attenuation) algorithms in the context of this
task [7]. Our anecdotal results here also reveal interesting
qualitative differences in the reconstructions.

A. Reconstruction Details
We simulate simple PET imaging in which the 128x128

attenuation object, Fig. 1(a), has only two values of
narrow-beam attenuation coefficient appropriate for 511KeV,
namely those for soft tissue 0.095cm�1 and lung 0.035cm�1.
We used transmission count levels of 1000K (high), 500K
(medium) and 45K (low). The sinogram had dimensions of 129
angles by 192 detector pairs per angle, and the transmission
source rays were simulated to be noiseless parallel rays of
uniform strength.

(a) (b) (c)
Figure 1: (a)Transmission thorax phantom with two regions of soft
tissue and lung, (b) emission phantom, and (c) 300k emission ML-EM
reconstruction using true ACF.

We tested the effects of the transmission reconstruction
using the emission phantom in Fig. 1(b), which is assumed
perfectly registered to the transmission phantom. This has
activity ratios as follows: (lung, soft tissue, myocardium) =
(1.0: 2.0 : 4.0) as well as a cardiac defect. Of interest is the
high-contrast (tumor:lung)= (8.0:1.0) tumor in the lung region,
and our test object, the low-contrast mediastinal tumor of
contrast (tumor:soft tissue) = (2.25:1.0) located at the center of
the phantom. The emission reconstructions used noisy ACF’s
from the transmission reconstruction. We computednoiseless
emission reconstructions, in order to clearly see the effects of
noisy transmission ACF’s. In addition,we computed a noisy
emission reconstructions at modest 300K emission count level.
Thus we had six noise-level combinations, three transmission
� two emission.

No detector effects or background effects were modeled
for emission. Sinogram dimensions were the same as for
transmission. For the noiseless case, an ML algorithm at 50
iterations (giving a nearly perfect noiseless reconstruction) was
used, and for the 300k emission case, the ML was stopped at
20 iterations, corresponding to a min rms error.

For transmission reconstruction using the MM prior, we
used the algorithms as previously described, and used values
of � = (600,1500,1750) for (45K, 500K, 1000K) counts,
respectively. This choice was made qualitatively, but we note
that large deviations around these values resulted in little
change in the reconstruction. The initial estimate�̂0 was
chosen as a constant.

For the mixture prior, we usedL = 2 (lung, soft tissue). In
this study, the�a andZaj were calculated using the joint MAP
scheme, but�a was set by hand, just as� was set by hand for
MM. Recall that setting�a in this way doesnotpresume spatial
knowledge of�, just class knowledge, a reasonable assumption.
The values for� in (soft tissue,lung) were (50.0,15.0) at 45K,
(55.0, 10.0) at 500K, and (50.0, 10.0) at 1000K transmission



count levels. The initial settings of� and� were not especially
critical and were easily estimated, but choice of initial object
�̂0 is important in that the objective is not convex. The initial
estimate was calculated as follows: two iterations of an ML
reconstruction were followed by a 3x3 median window filtering
step to remove outliers. The reconstruction algorithm, described
earlier, takes about as long to run as that for the smoothing prior.

B. Observer Test
To test the visibility of the weak tumor in the emission

image, we utilized a non-prewhitening (NPW) observer [11],
chosen because of its tractability and not because it is presumed
to track human observer performance for this case. That the test
is rather indirect is seen in the following chain that follows the
error in emission reconstruction to its source in the transmission
noise: (i) the emission reconstruction is performed over an
ensemble of model errors. (ii) The model errors in this case are
the erroneous ACF’s. (iii) The error in a given ACF is that due
to the error in the transmission reconstruction. Finally, (iv) the
error in the transmission reconstruction is itself due to noise
in the the transmission projection data. A more respectable
observer model would have some idea of noise propagation
statistics.

The following are the six stages of the processing pipeline
we used in computing a numerical observer figure of merit. 1.
For each prior, compute 40 independent noise trial transmission
reconstructions, denoted̂�(n)prior, where prior = (MM or
MIX) and (n) indicates noise trial. 2. Reproject each of
the above to get ACF’s. 3. Use the ACF’s to reconstruct the
emission phantom with and without the weak tumor. Thus
f̂ (n)(+=�; prior) denotes reconstruction of the emission
phantom using ACF’s fromprior = MM or MIX at the
(n)th transmissionnoise trial, and+=� denotes the presence
(+) or absence (-) of the weak tumor. 4. Compute an observer
template for a non-prewhitening (NPW) observer given by

wprior =< f̂ (+; prior) > � < f̂(�; prior) > (19)

where<> indicates a sample average over noise trials. Thus
w is a vector. 5. Compute the scalar NPW observer responses,
given by the inner product

s(n)(+=�; prior) = wT
prior f̂

(n)(+=�; prior) (20)

Here,s(n)(+=�; prior) denotes the observer response for noise
trial n, prior = MM or MIX . The equation denotes an
inner product operation withT denoting transpose. 6. The final
figure of merit, the SNR2, measures the relative separation in
the bimodal (+ and - cases) histogram of observer responses:

SNR2
prior =

(< s(+; prior) > � < s(�; prior) >)2

1
2 (�

2
s
(+; prior) + �2

s
(�; prior)) (21)

Here the<> average yields the (sample) mean response for
tumor present/absent, and�2

s
(+=�; prior) is the (sample)

standard deviation for tumor present/absent for a given prior. A
SNR2 is computed for each prior, each transmission noise level
and each emission noise level.

IV. RESULTS

For all anecdotal results in this section, we display one result
at 500K and two at 45K. The results at 1000k are similar to those
at 500K. Figure 2 shows reconstructions of attenuation maps for
the two priors. The gamma-mixture results are nearly piecewise
constant, and suffer misclassification errors (erroneousZaj) as
noise increases.

(a) (b) (c)

(d) (e) (f)
Figure 2: Transmission reconstructions. (a) MIX at 500K (b)(c) MIX
at 45K. (d) MM at 500K (e)(f) MM at 45K. Note that figures in the
same column result from the same noise instance.

In Fig. 3, we perform a reconstruction ofnoiselessemission
data using the noisy transmission maps. (This explains the
artificial texture of these reconstructions.) PET using the
high-count transmission ACFs in (a) and (d) result in nice
emission images. However, using transmission maps from
the very low count 45K case results in the far less appealing
(compared to MM) results in (b) and (c).

(a) (b) (c)

(d) (e) (f)
Figure 3: PET reconstruction of noiseless emission data using noisy
ACF’s: (a) PET using ACF from 500K MIX (b) (c) two instances of
PET using ACF from 45K MIX (d) PET using ACF from 500K MM.
(e) (f) two instances of PET using ACF from 45K MM. Note that
figures in the same column result from the same noise instance.

What if noise is present in the emission data? In Fig. 4,
we perform a reconstruction of 300K emission data again
using the noisy transmission maps. PET using the high-count
transmission ACFs in (a) and (d) result again in nice emission



images for the gamma-mixture case. Using ACF’s from the
very low count 45K cases result in the again less appealing
(compared to MM) results in (b) and (c). Case (c) was culled
to show a particularly egregious PET reconstruction using an
ACF from mixtures. It is instructive to compare the results in
Fig. 4 to those of Fig. 1(c), which uses the correct ACF’s.

(a) (b) (c)

(d) (e) (f)
Figure 4: PET reconstruction of noisy 300K emission data using noisy
ACF’s: (a) PET using ACF from 500K MIX (b) (c) two instances of
PET using ACF from 45K MIX (d) PET using ACF from 500K MM.
(e) (f) two instances of PET using ACF from 45K MM. Note that
figures in the same column result from the same noise instance.

The results of tumor detection using a NPW observer are
presented in the tables. Here, “noiseless” and “300K” refer to
the emission data.

SNR2 for NPW Observer Detection Task (Noiseless)

Transmission Data high medium low

gamma mixture prior 1650 1705 6

membrane prior 48 50 8

SNR2 for NPW Observer Detection Task (300k)

Transmission Data high medium low

gamma mixture prior 17726 12643 59

membrane prior 931 603 96

V. DISCUSSION

The SNR2 merit figures reported in the tables seem to
indicate that both priors lead to similar performance on the
tumor detection task at extreme low count levels, but that the
gamma-mixture greatly outperforms the smoothing prior at
higher count levels. This result in favor of the mixture prior is
belied by the anecdotal images, in which tumors appear equally
visible. Our explanation is that this is a poor application of
the NPW observer. The histogram of observer responsess

shows equal separation for the peaks, but far narrower peaks
for the mixture prior, leading to the much higher SNR in the
tables. Qualitatively, this is due to the much lower variance
of the transmission reconstruction for gamma-mixture in the
vicinity of the prior, leading to less variability in the emission
reconstruction.

Clearly, further study demands that these image-quality
tests be conducted over a reasonable sweep of hyperparameter
(� and� ) values. However, for this task, we have observed
that the results are about the same over a rather wide dynamic
range of these parameters. Finally, we comment on what we
see as a major limitation of the gamma-mixture prior, namely
the dependence on the initial estimate. Further work on both
these fronts is in progress.
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